Stepped Pressure Equilibrium Code

malOlag

Constructs matrices that represent the Beltrami linear system.

[called by: dforcel]
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1.1 gauge conditions
1. In the v-th annulus, bounded by the (v — 1)-th and v-th interfaces, a general covariant representation of the magnetic vector-

potential is written

A = AVs+ AgVo + A VC. (1)

. To this add Vg(s, 0, (), where g satisfies

839(37 g, C) = - 1213(8, 0, C)
3«99(*139,0 = = {19(717974) (2)
an(_laovg) = - AC(_1707§)'

Then A = A + Vg is given by A = 4,V0 + A:V( with

AG(flv 97 C) =0 (3)
AC(_LOvC) =0 (4)

This specifies the gauge: to see this, notice that no gauge term can be added without violating the conditions in Eq.(3) or Eq.(4).

. Note that the gauge employed in each volume is distinct.

boundary conditions

. The magnetic field is \/gB = (0gA¢ — 0cAp) es — 0sA¢ €g + 05 Ap €.

. In the annular volumes, the condition that the field is tangential to the inner interface gives 99 As — 0 Ag = 0. With the above

gauge condition on Ay given in Eq.(3), this gives dgA¢ = 0, which with Eq.(4)) gives
A¢(=1,0,¢) = 0. ()

The condition at the outer interface is that the field is \/gB - Vs = 0gA¢ — d; Ap = b, where b is supplied by the user. For each
of the plasma regions, b = 0. For the vacuum region, generally b # 0.

enclosed fluxes

. In the plasma regions, the enclosed fluxes must be constrained.

. The toroidal and poloidal fluxes enclosed in each volume are determined using

/B~ds: A-dl ()
S oS


http://w3.pppl.gov/~shudson/Spec/subroutines.html
http://w3.pppl.gov/~shudson/Spec/dforce.pdf

1.4 Fourier-Chebyshev representation

1. The components of the vector potential are

Ag(5,0,0) = > AgeiiTi(s)cosai+ > Ay Ti(s)sinay,
il

il

Ac(s,0,0) = ZAg,e,i,zTz(S)cosozﬂrZ/lc,w,zTz(S)sinozi,
,l

il
where a; = m;0 — n;(.

1.5 constrained energy functional

1. The constrained energy functional in each volume is

/B-de—% {/A-de—m}

Fi

+ Za
+ Zb,-
+ Zc
+ Zdi
+ > e
+ >
+ a
+ p

where

Z AgeiiTi(—1) =0
7

ZAC,e,i,lTl(_l) -0
L

> Apo i Ti(=1) =0
L 1

> AcoiaTi(=1) =0
L 1

Z (—miAceiir —niAgeir) Ti(+1) —bs
]

Z (+miAc o +1ilo o00) Ti(+1) — bey
7

> Agen Ti(+1) — Ay
l

D AceadTi(+1) = Ay
L I

|
|

i. a;, b;, ¢; and d; are Lagrange multipliers used to enforce the combined gauge and interface boundary condition on the inner

interface,

ii. e; and f; are Lagrange multipliers used to enforce the interface boundary condition on the outer interface, namely

V9B - Vs = b; and

iii. v and § are Lagrange multipliers used to enforce the constraints on the enclosed fluxes.

2. In each plasma volume the boundary condition on the outer interface is b = 0.

3. In the vacuum volume (only for free-boundary), we may set p = 0.



1.6 energy and helicity integrands

1. The integrands are

vgB-B = + (miAc.oir+mnilooir)
- 2 (miAC.’n‘,i.l + nifl().(m./)
+ (myAcein +nifoecin)

1€51,

— 2 (miAc o+ nile i)
— 2 (mAcoir+nidooi)
+ 2 (MmiAceii+niApei)
+ 2 (MmiAceii+niApeci)
+ 2 (miAcoir+nilooi)
+ 2 (miAcoir+nilooi)
— 2 (MmiAceii+niApei)
— 2 (MiAceii+niApei)
+ AC,@,ZJ
+ 2 AC,e,z,l
+ Ac ool
- 2 Ac el
- 2 AC,@,ZJ
- 2 AC,U ,7[
- 2 Ac ool
+ Ageil
+ 2 A9 e,i,l
+ Ab o,

\/gA -B = — AC,e,i,l Ag’e’j’p Tl/ Tp COS Q5
— Ac¢eii Aooip T T, cosa;
— AC:U%[ A97e7j7p T’l/ Tp sinozi
— AC,O,H A/).(,_‘/‘A,, Tl, Tp sin (67
+ Ag,eml Ag,e,j,p Tl/ Tp COS Q5
+ ApeiiAcojp T T, cosay
+ Ao Acesp T T, sing;
+ A()‘()./ﬂ/ AC‘,o,j.,p T'l, Tp Sinai

(mjAQ,o‘,j,p + njiyl()ﬂ‘_/‘p)
(mj Ac,ejp + 1 A6.c.5p)
(mjAc,ejp + 1 A6.c.p)

AC75xj7P
Ac,o,j.p
AC,e,J}p
AC-Ovj,p

A976,j-,p
Ago,5p
A@,e,j,p
A6.0.5.p

A@Zw}p
Aco5p
AC-O-,M’

Ag.e.jp
A"l(-).oﬁ/.p
AF),e,j,p
‘4().(),]'./)

Ag,e.jp
A"VVIHAUA_/.A/)
fl()x)‘.j./r

COS ¢
S aj
COS (v
S11 Oéj

COS ¢
S aj
COS (v
S111 Oéj

T’l Tp Jss
E Tp Jss
E Tp Jss

T‘l T;Q Js6
,Tl Té gs6
n T;; gsO
CZ-‘l TZ/; gso

Tl T,Q gsC
1) T;,; 9s¢
Tl T;/; gs(
Tl T;I; gsC

T) T} goe
T] T} goe
T T}, Goo

1) T} gec
T, T} gec
T, T} gec
T} T}, goc
T/ T}, Gec
T, T, Gec
T Ty Gec

Cos ;
CoS ay;
sin o;

COs (y;
Cos (;
sin ov;
sin oy;

Cos (;
Cos (;
sin ov;
sin oy

COoS i
Cos (v;
sin ov;

COs
Cos (;
sin «;
sin oy;

coS o
cos o
sin o

COS v
Sin Qi
sin oy

COS (v
s1n vy
COS (v
Sin &y

COS O
sin o
COS O
sin oy

COS O
sin oy
sin o

COS ¢
Sl vy
COS (v
S ¢

COS ¢
S &Yy
S11 Oéj

(10)

(11)



1.7 first derivatives of energy and helicity integrands with respect to Ay .,; and

1. The first derivatives with respect to Ag . ;; and Ay ., are

0Ap.c.i

0
8A9,e,i,l
0
afl(}.m.i.l
0
0- lH.().i./

/de~B

/dvA-B

/dUB-B

/dvA~B

e

+ +

2 g
2 n;
2 mn;
2 un
2
2 g
2
2 n;
2
2
2
2
Atejp
ACao,j\p
A¢ejp
A¢o5p
2 n;
2 n;
2 n;
2 n;
2 n;
2 n;
2
2
2
2
2
2
At ep
ACO.j,p
Agegp
Aco5p

(mjAcogp+njl00;,) [ds
(MjAcejp +1jA0.c5p) [ds

AC,eJ}p
AC-,O-J',p

[ ds
[ ds

(mjAcogp+njl005,) [ds

Ab.ejp

[ ds

(mjAcejp+njlocip) [ds

[ ds
[ ds
[ ds
[ ds

Ag.0.5.p
Agegp
AC,O:J\P
AQ:‘%J?,I)
A(}.(Lj./)

T, Ty $fdodc
T, Ty $fdodc
T} T, ffdbd(
T} T, ffdodC

[ ds
[ ds
[ ds
[ ds
fds

TP Tl ﬁdﬁd( gss
T T, $$dod gss
T, T] $d0d¢ gs¢
T T, $$d0dC gsc
T, T/ ﬁd@d( Jsc¢
T, T, $$d0dC goc
T T $$d0d¢ gac
TZQ Tl/ ﬁd@d( QQC
T, T, $$dodC gec
T} T, $$dodC gec

COS @ COS

sin &y COS @y

COS (vj COS (v

cos ov; sin ay

(mjAcojp+niloo;,) [ds
(M Ac.ejp +1jA0.e5p) Jds

Aty
AQo,j.p
AG,e,j,p
Ag.0.j.p

[ ds
[ ds
[ ds
fds

(mjAC,O-,jJ) + nj 7‘//.(},/‘_,)) f ds
(MjAcejpt+njAoesp) [ds

[ ds
[ ds
[ ds
fds

Ace
AC ,0,0,D
A«‘?,«zj P

23>

441/.()./.[)

T Ty $pdod¢
T T) fdodc
T{ T, $fdodC
T/ T, $fdodC

[ ds
[ ds
fds
[ ds

T, T, $$dod¢ G
T T, $$dOdC gss
T T, $$d0dC gsc
T, T §dodC g
T, T} #d@d{ Jsc¢
T, T/ ﬁd@d( Js¢
T:l; Tl/ ﬁdeC Joc
T; Tl/ ﬁd@d( Joc
T, T/ $$dodC gec
T T, $dodC gec

COS (v Sy

sina; sinay

sin c; cos oy

sin o; sin oy

COS O
sin ov;
sin oy;
sin o;
CoS aj
sin «;
sin o
sin o;
Cos
sin
COS (;
CoS «;

COS (;
Cos
Cos ay;
COS y;
COoS
COS
COS O
sin
COS
sin a;
COS O
sin o;

sin «;
sin o5
COS O
sin oy
Cos «;
COs
CoSs «;
sin oy
Cos o
coS ov;
cos o
sin o5

COs v
sin
coS aj
sin o
COS O
sin
sin o;
sin o;
sin ay;
sin o
sin ov;
sin o

"lﬁ.u.i./

(12)



1.8 first derivatives of energy and helicity integrands with respect to A..;;

1. The first derivatives with respect to A¢c,; and Ac,;; are

I+ 4+ + 1 +

+ +
O N NN NN NN NN N

m;

m;
my;

m;
my

m;

Ab.ejp
‘10.(;.}./)
Ab,e,j.p
‘1().(1.‘/4;

mg
my;
myg
mg

mg
my;

DN NRNNNDNDND N N

Ag,e.jp
Alﬁ_u.‘/_[)
Ab.e.jp

‘4()4»._/"/;

(mjAcoip+njto.;,) [ds T, Ti $d0dC Gss
(MjAceip+niAocsy) [ds TiT, $dodC g
(mjAC,o.j,p + njA()_,)»v/v/)) fds Tp zvl/ #d@d{ Gt

AC,E,j,p

[ds Ty T §dbdC g

(mjAcejp+nijdeocip) [ds T, T $d0dC gse

[ ds
[ ds
[ ds
[ ds

AC,U,jJ)
Ag,ejp
Ag,0,5.p
Agesip
Ago.p
A9,e,j7p
"—1().11,/./)

T) T, §fdodC
T T, $dodC
T, T, $dod¢
T, T) $dod¢

[ds T Ty dodC g
Jds Ti T, $$d6dC gsc
[ds T, T, $dodC gec
Jds T T, #dod¢ Goo
Jds T T, $$dOd¢ oo
J[ds T]T) $dodC goc
Jds T T, $dod¢ goc

COS (v; COS O
cos o sin o
cosaj COS
SIn avj COS (g

(mjAcojp+niltoo;,) [ds TiT, $d0dC g
(mjAC,e’Lp"’_njAg’e’mp) fds T T, #d@d( Jss

AC,E,j,p
AQOJ}p

Jds T T, §fd0dC e
[ds T T, §$d0dc geg

(mjA(‘o,jﬁp + njAl()_()_‘/_p) de Tp zﬂl/ ‘#‘dadc Gt
(mjAC,ehj,p + njA(‘)»li,j,p fds Tp j”l/ #d@dc gsg

[ ds
[ ds
[ ds
[ ds

Ag,e.jp
Jlr).”._,'_,,
Acejp
AC«,(W'JJ
AO,(z,j,p
‘4“-“-./»/)

T} T, $dod¢
T T, $fdbdC
T) T, $hdodC
T)T) $dodC

[ds T, T $dod¢ gec
[ds T, T, $dod¢ gsc
J[ds T, T} $dod¢ Gee
fds T Té ﬁdﬂdc Joo
Jds T T, $$dodC goc
Jds T} Ty $d0dc gac

sinq; cos a;
sina; sin a;
cos ovj sin qy
sina; sinq;

CoSs Qi
sin oy
Cos
sin ay;
sin
sin o
sin ay;
sin ay;
cos
CoS
CoS v
cos

COS Oy
cos o
COS O
COS O
cos oy
sin a;
COS O
COS O
COS O
sin ¢4
sin ay;
sin oy,

and AC,O,i,l

sin ¢
Sin O[j
COS oy
COS O[J
cos oy
S11 Oé]
COS &%}
S111 Oéj
COS Olj
Sin Oéj
COS (v
S11 OZJ

COS (v
sin
cos aj
sin o
sin ¢y
sin ay;
cos o
sin o
sin ay;
sin a;
COs
sin

(16)



1.9

second derivatives of energy and helicity integrands

1. The second derivatives wrt Ag . ;; (stellarator symmetric) are

0 0
dvB-B
aAé),(z,j,p 8A9,:3,1',,l /

0 0
dv B -
6A 1()_()_‘/,[) aA&e,i,l / !

0 0
dv B -
0Ac. aAe,e,i,z/ !

2Jp

0 0
B .
DAy Dot / dv

0 0
A -
D50 0Ap o / dv

0 0
dv A -
al’l().o,v/./; aA().(z,i,l /

0 1o}
dv A -
aAC@,]}p 3A0,c,7l,l /

0 0
dv A -
aAC‘o,j,p aAO,e,i,l /

I + +
CEICR RN

+ +
NN NN

U

n;

NN NN

%

ng

NN NN

ng
n;

Uz
Uz

—
QL
V3

n;j [ds T, T, $d0d( gss sinc; sinc,
[ds T, T, $dfd¢ g sina; cosa;
n;j [ds T,T] $$d8d¢ gsc sina; cosay
Jds T]T) ¢$dod( gec cosa; cosay

nj [ds T, T, $dOd¢ gss cosa; sina !
n; [ds T,T] $d0d( gs cosa; cosa;
[ds T, T $$d0d¢ gs siney; sinay
[ds T T, $dod¢ gec cosa; sinay !

m; [ds T, T, $dod¢ gss sina; sina;
J[ds Ty T) $§dfdC gsp sina; cos oy
m; [ds T,T] $d0d¢ gs sina; cosa;
J[ds T, T, $$d0dC go; cosa; cosa;

m; [ds T, T, $d0d( gss cosa; sina; !
Jds TiT) $dod{ g sinc; sina;
m; [ds T, T $d0d( gs cosa; coswy
Jds T T} $$d0d¢ Goc sina; cosa;

T, Ty $$dOd¢ cosay cosay
T) T, $$dd¢ cosa; cosa;

T, T, $§dfd¢ sincoy cos
T T, $dfd¢ cosa; sina; !
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1.10

second derivatives of energy and helicity integrands

1. The second derivatives wrt Ay, ;; (non-stellarator symmetric) are

0 0
dvB-B
9Ag.c 00000 / !

0 0
dvB -
0. l()_o_‘/,p a41(}.0././ /

0 %)
dvB-
8Ag7exj7p a‘ 1("/,().1./ /

0 0
dv B -
aAC,O,j.p 871().()./.] / !

0 0
dv A -
9Ag.c 00000 / !

0 0
dv A -
af](}.o.j./; afl/}.o././ /

0 0
dv A -
3Agve,j7p 0Ag.0,i / !

0 0
dv A -
aAC‘O,j,p 84'1().”././ / !

++ + +
N N DN N

%

Uz

NN

Lz
Uz

Uz
n;

NN NN

n;
Uz

NN NN

nj [ds T, T, $d0d( gss cosa; sina; !
Jds T T) $$d0d¢ gsc cosay cosay
n; [ds T,T $dod¢ gs sina; sinq;
Jds T)T] $§dod¢ gee cosay sinay !

n; [ds Ty T, $$d0d( gss cosa; cosa
Jds Ty T, $dfd¢ g cosa; sina; !
n; [ds T,T] $dod¢ ge coscay sinay !
[ds T T) $$dod¢ gec sina; sina;

m; [ds T,T, $d0d¢ gss cosa; sina; !
Jds T, T) $$d0d¢ g cosay cosa;
m; [ds T,T,] $$d0d( g sina; sino
Jds T, T] ¢$dBd¢ goc cosa; sinay !

m; [ds T, T, $did¢ gss cosca; cosa;
[ds T, T, $d6dC gsp cosay sinay !
m; [ds T,T] $$d0d{ gsc cosa; sinay !
J[ds T, T} $$d0dC goc sina; sinay

T, Ty $$dOd¢ cosay sina; !
T) T, $$d0d¢ sinc; cosa;

T, T, $§dfd¢ sinay sina;
T) T, $dod¢ sino; sina;
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1.11

second derivatives of energy and helicity integrands

1. The second derivatives wrt A¢ ., (stellarator symmetric) are

0 0
dvB-B
aAé),(z,j,p 8Ac,e,i,l /

0 0
dvB-
6A1()_().‘/.[) aA(,e,i,l / !

9 g /dv B-
814(’6)]‘71) aAC,E,i,l

0 0
dv B -
DA 0 aAg,e,i,l/ !

0 0
dv A -
aA()_c’j_’p aAg,e,i,l / !

0 0
dv A -
8“#17.]./} 8AC,€,i,l /

0 0 /
dv A -
OA¢ cjp OA¢ eil

9 9 /
dv A -
614(,0..}',11 8A§,e,i,l

+ +

+ 4+ +

2 m;
2
2 m;
2
2 m;
2
2 m;
2
2 my;
2 m;
2
2
2 m;
2
2 m;
2

—
QU
V)

n;j

[ ds
fds
[ ds
[ ds

[ ds
[ ds
fds
[ ds

[ ds
[ ds
Jds
fds

[ ds
[ ds
[ ds
[ ds

Tl TP ﬁdadC gss sin (7 Sin()(j
T, T/ $$d0d¢ gep sinoy cosay
T Tz/> $$dOd¢ gse sinay cosay
Ty T; ﬁd@d( Jo¢ COS (v; COS (i

T, Ty $d0d¢ gss cosa; sinay !
T, T $dod¢ gsp cosay cosa;
T) T} $$dfd¢ g sina; sina;
T{ T, $$d0dC Go¢ cosay; sinay !

T, T, $dod¢ gss sina; sina;
T, T) $$d0d¢ gee sino; cosa;
T, T $d0d¢ gso sincay cosa;
T T, $$d0d¢ Geg cosa cosaj

T, T; $$d0d¢ gss cosay sinay !
T, T $dod¢ gsp cosay cosa;
T, T) $$dOd¢ go sino; sina;
T T; $$d0d¢ Gog coscy sina; !

T) T, $d0d¢ cosay cosa;
T) Ty $§dfd¢ cosay cosay

T) T, $dfd¢ cosa; sina; !
) Ty $$dOd¢ sinay cosa;
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1.12

second derivatives of energy and helicity integrands

1. The second derivatives wrt A, ,; (non-stellarator symmetric) are

0 0
dvB-B
0Ap.cjp OAC 0.1 /

0 0
dvB -
6A1()_()_‘/,[) aA(,()Ji,J / v

0 0
dv B -
0Ac. aAc,nfi,z/ !
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T, T, $d0d¢ gss cosa; sina; !
T, T] $$dfd¢ G sina; sina;
T TZ/? $$dOdC gse cosay cosay
I T, #dOdC Goe sinay cos

T, T, $d0d¢ gss cosa; cosa;
T, T $dod¢ gsp cosay sina; !
T T,; #dOd¢ gse cosay sinay !
T/ T} $dOd¢ Goc sinay sin oy

T, T, $d0d¢ gss cosa; sinay !
T, T} $$d0d{ geo coscy cosa;
T, T $d0d¢ gsp sina; sina;
T, T} $$d0d¢ gog cosay sina; !

T, T, $$d0d¢ gss cosay cosa;
T T,’, #dodC Gsp cosay sinay !
T, T} $d0d¢ gsp cosay sina; !
T T;; $fdd¢ Geo sinay sinay

T) T, $$d0d¢ sincoy cosay
T) T, $§dfd¢ cosay sinay !

T) T, $dod¢ sino; sina;
T; Ty $$dod¢ sina; sina;
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1.13 matrix elements

1. The energy, W = [dv B - B, and helicity, K = [dv A - B, functionals may be written

ai Aij aj+a; Bij v+

a; Dij a; +a; Eijv; +

2

2

1
- 0 G

1
S i B

J ¥
g ¥

where a = {Ag.ci1, Ac,e,ils A0,0,i,1, Ac,0,i1s feis fo,i} contains the independent degrees of freedom and ¥ = { Ay, A, }.

2. The matrix elements are computed via

o*wW

]

o*wW
MB(i,j) = Bi,j = W
? J

o*w
MC(i,j) = Cldzawa‘l/)
? J

3. The energy functionals can also be represented as

W:
K:

al’ - Alx]
a - D

N =D~
!

a +
a +

B[x
Bl

Y]
}

ma0lag.h last modified on 2016-06-08 13:19:54;

SPEC subroutines;
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